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Definitions and Introductory Results
In this article we will define and study expressions that rise from continued fractions, analogous to that of Rogers-Ramanujan (RR), Ramanujan's Cubic (RC), Ramanujan-Gollnitz-Gordon (RGG). The results are new since no work have been done in this area and most of them are experimental observations. The focused quantities are R(a, b, p; q) = q
where a, b, p are positive rationals such that a + b < p. General Theorems such (1 − aq n )
The Rogers Ramanujan continued fraction is
which satisfies the famous Rogers-Ramanujan identity:
where X 2 (n) is the Legendre symbol n 5 . Also hold R(e −x ) = e −x/5 ϑ 4 (3ix/4, e −5x/2 ) ϑ 4 (ix/4, e −5x/2 ) , x > 0
Where ϑ 4 (a, q) is the 4th kind Elliptic Theta function (see [9] ). The concept of formulation (1) is described below. We first begin with the rewriting of (4) into the form (see [14] )
The Ramanujan-Gollnitz-Gordon continued fraction is
Also for this continued fraction holds
Is true that exists generalizations for these expansions, but there is no theory developed, especially for evaluations and modular equations. 
'Ramanujan's Quantity' because many of Ramanujan's continued fractions can be put in this form. Also
r , a, b, p, r positive rationals then
Note. The mark "?" means that we have no proof.
Lemma 1.
∞ k=1 cosh(2tk) k sinh(πak) = log(P 0 ) − log(ϑ 4 (it, e −aπ )) , where |2t| < |πa|
and
Proof. From ([2] pg.170 relation (13-2-12)) and the definition of theta functions we have
By taking the logarithm of both sides and expanding the logarithm of the individual terms in a power series it is simple to show (13) from (14), where q = e −πa , a positive real.
Theorem 1. If a, b, p, r are positive rationals, then
Proof. Eq.(15) follows easy from the Conjecture 1 and the Definitions 1,2.
One example is the Rogers-Ramanujan continued fraction
Theorem 2. For all positive reals a, b, p, x
From Definitions 1, 2 and the relations (13), (14) we can rewrite R in the form
from which as one can see (17) and (18) follow.
For the continued fraction (7) we give some evaluations with the command 'Recognize' of Mathematica:
Where (P (x)) n is the nth root of the equation P (x) = 0 taken with Mathematica program. 
where
Proof. Use Theorem 2. Take the logarithms and expand the product (19). The proof is easy.
Hence if we set
Then q dR(a, b, p; q) dq
Theorem 4. Let |q| < 1, then
Proof.
Follows from Theorem 3.
Theorem 5. For every positive integers a, b, p with a < p and b < p, with p prime we have
where n = 1, 2, 3, . . . Suppose that a, b and q are complex numbers with |ab| < 1 and |q| < 1 or that a = b 2m+1 for some integer m. Then
Theorem 6. If a = 2A + 3p/4, b = 2B + p/4 and p = 4(A + B), |q| < 1
One can see that
where a = 2A + 3p/4, b = 2B + p/4 and p = 4(A + B). Define
Then
The proof of (28) follows easily from (32) and the q-binomial theorem (see [7] ):
Note. Relation (28) is an expansion of a Ramanujan Quantity in continued fraction. Also in view of [7] page 14 Entry 4, we have
Theorem 7. If a, b, p ∈ N, with a < b < p, p−prime and ζ
Also holds the general identity: If
From (34) and (35) we get the proof.
Note. Another form of Theorem 7 is: If a, b ∈ N and p-positive prime: a, b < p, then
Conjecture. i) If a, b are odd positive integers and p-even, then
. . .
In general if p 0 is prime and if a = 0(modp 0 ), b = 0(modp 0 ) and p is positive integer such that (p,
From τ (2n) = τ (n) we have, expanding M (q) into series:
The Programs
In this section we will give some results with no proof. Also we present the program which we use to found these τ relations.
The program of τ with Mathematica Routine 1.
then use the 'Solve' routine as
We get
We change in the above output equalities the symbol → into =
With the above Program one can find for every Ramanujan Quantity relations between the τ 's. We present such relations in the next two Propositions:
A simple program for finding possible modular equations with Mathematica Routine 2. 4 The first Order Derivatives of Ramanujan's Quantities
Observe that if
are respectively the Rogers-Ramanujan, Ramanujan's Cubic and Ramanujan-Gollnitz-Gordon continued fraction, these have derivatives
whenever q = e −π √ r and r is a positive rational.
Conjecture 2. If a, b, p, r are positive rationals with a, b < p, then 
Hence
This observation along with Conjecture 2 lead us to the concluding remark
In [10], we have proved that
which gives dH(q) dk
using now (56) we get the result.
Note. In [12] we have derive the first order derivative for the Cubic Continued fraction:
Hence we have prove that (50) and (51) 
Modular equations and Ramanujan Quantities
With the help of Theorem 2 we can evaluate R(a, b, p; q) in series of q Q :
where M is positive integer and
Setting as in [11] :
and d is suitable large positive integer, we try to solve R S = 0, where
are given from (a) and ν positive integer. Evaluating the a ij , we obtain modular equations for R(a, b, p; q).
1)
We present some modular equations for the Ramanujan Quantity R(1, 2, 4; q), which: 2, 4 ; q) and v = R(1, 2, 4; q 2 ), then
= 0 (69) 2) For the Ramanujan Quantity R(1, 2, 6; q) we have a) If u = R(1, 2, 6; q) and v = R(1, 2, 6; q 2 ), then
One can find with the help of Mathematica many relations such above
The 5-degree modular equation of Ramanujan's Cubic continued fraction:
If u = R(1, 3, 6; q) and v = R(1, 3, 6; q 5 ), then
For proofs see at the end of page 15.
If a > b then from the definition of the Ramanujan Quantity (RQ) we have
, and u(q) = R(a, b, p; q), then
if a 1 b 2 p 2 < b 1 a 2 p 2 , (otherwise we use (73)). But w 1 := w(q), w ν := w(q ν ) are related by a modular equation f (w 1 , w ν ) = 0, or f (w(q a2b2p2 ), w(q ν·a2b2p2 )) = 0. Hence
2 ∈ N and a 1 b 2 p 2 < b 1 a 2 p 2 then the modular equation which relates u 1 := R(a, b, p; q) and u ν := R(a, b, p; q ν ), ν ∈ N is that of
Example.
The modular equation between z 1 = z(q) = R 1, 
Proof.
We have
using (66) we have
from which (75) follows.
From Theorem 4 differentiating (25) and using Conjecture 2 we have that
along with (see [14] ):
This is a resulting formula for the first derivative:
The function N (q) take algebraic values when q = e −π √ r , r positive rational and in the case of (RR) satisfies modular equations. With the same method as in R(a, b, p; q) which we use in the beginning of the paragraph 4 we have:
The 2-degree Modular equation for the first derivative of RR continued fraction 
and Ramanujan's duplication and triplication formulas of R(q):
The hard thing is that have very tedious algebraic calculations. In view of [12] the same ideas hold and for the modular equations (71) and (72).
Suppose now that q 0 = e −π √ r0 and we know R (1) (q 0 ) = dR(q) dq q=q0
, then from equations (76),(77),(78),(79) and (80) we can evaluate in radicals, any high order values of the first derivative of the (RR) in which r = 4 n 9 m r 0 , for n, m integers.
then holds:
where m 3 (r) is solution of
The formulas for evaluation of k 4r and k 9r are in [7] and [15].
Proposition. If R(q) is the Rogers Ramanujan continued fraction and
Proof. The proof follows from (79), the above Note and (b) of page 14.
Application in 'almost all' continued fractions
In this section we give examples and evaluations of a certain class of continued fractions with values a, b, p positive rationals under Theorem 6 holds.
I. The case of A = 1, B = 2, then a = 11, b = 7, p = 12 and S(q) = S 1,2 (q) = R(11, 7, 12; q) = 1 R(7, 11, 12; q) and from Theorem 5 we get S 1,2 (q) =
Hence with the above methods we find that continued fraction S 1,2 (q) obeys the following modular equations: 1) If we set u = S 1,2 (q) and v = S 1,2 (q 2 ), then
With the above methods we find that Continued fraction S(q) obeys the following modular equations: 1) If we set u = S 1,3 (q) and v = S 1,3 (q 2 ), then
2) If u = S 1,3 (q) and v = S 1,3 (q 3 ), then
3) If u = S 1,3 (q) and v = S 1,3 (q 5 ), then
As a starting value we can get Note. It is clear by this way that one can produce continued fractions such found and studied by Ramanujan.
Approaches for the evaluation of Ramanujan Quantities and their derivatives
In this section we will try to find Theoretical results that can be used to recover the Ramanujan Quantities and their derivatives. We will also drop the notation of X which we use until now. Further
The following elementary relations hold (see [7] pg. 120)
We state a first result:
taking the logarithmic derivative, we get immediately the result.
Lemma 2. It holds
, where g is prime and X g (n) the characteristic function of 0(modg). Also hold
Proof. It follows easy from n g 2 = 1 − X g (n) and Lemma 1.
Lemma 3. If happens X(a, b, p; n) = n g 2 and g-prime, then
Proof. The proof follows from the above Lemma 2.
Here we must mention that when q = e −π √ r , L(q) can evaluated by
x = k r is the modulus of K(w) and α(r) is the elliptic alpha function (see [7] and [15]).
Lemma 4. If g is a prime number, then
But also we can write
Combining the above two results we get the proof.
Trying to Generalize the Problem
From the above it became obvious, that we can write for any G-integer with G > 1:
where c-integer constant depending from G, and c j positive integers depending also form G.
Theorem 12. In the case which
then if g 1 , g 3 , . . . , g λ are positive primes and G = g
The c j are given from (95).
From the relation n 14 2 = X(1, 0, 14; n) + X(3, 0, 14; n) + X(5, 0, 14; n) + 3X 14 (n)
we get
Note. If X(a, b, p, n) can be written in the form n G with integer G > 1, then
The Characteristic Values Method Lemma 5. i) For every positive integers a, b, G with a < b < G, exists integers c(j), such that
ii) Suppose that a and G are integers. If exist integers b(j), such that
then R(a, b, G, q) can be determined by the functions f (−q g ) c Example.
For a = 2, b = 6, p = G = 12, then X(2, 6, 12; n) = −X(6, 0, 12; n) + X(10, 0, 12; n) and X(6, 0, 12; n) = X 6 (x) − 2X 12 (n)
Results and applications
If v = R(1, 2, 5; q) = R(1, 3, 5; q) = R(q) is the Rogers Ramanujan continued fraction and u = u(q) = R(1, 3, 10; q), then (see Routine 2, page 9):
In general its an observation that the Ramanujan Quantities are related with polynomial relations. Another example is (see [10] ):
; q) is the Cubic continued fraction and H = H(q) = R(1, 3, 8; q) is the Ramanujan-Gollnitz-Gordon continued fraction, k r is the elliptic singular moduli. The u-quantity satisfies Theorem 8 hence
where u ′ = u(−q) Another evaluation, using Mathematica is
Relation (105) follows with the same method as (102) (see Routine 2 page 9) and v ′ = |R(−q)| = v(−q).
Proposition 3. If R(q) is the Rogers Ramanujan continued fraction, then
Multiplying with ǫ n and summing we get
We make use of the properties of the Dirichlet Multiplication (see [3] ).
Assume that exists arithmetic function X 1 (n)n such that
Assuming the X(n) and X 1 (n) are correspond to Ramanujan Quantities then we seek ǫ(n) such that is always 0 after a few terms. An example is when X(n) = X(1, 3, 5, n) and X 1 (n) = X(1, 3, 10, n). Then
Assuming the above and using (108) we have the proof of (106). i) The function m = R(q)R 2 (q 2 ) can always be calculated in radicals with respect to v = R(q), the equation that relates the two functions is
ii) Moreover the fraction v ′ = |R(−q)| can always evaluated in radicals with respect to R(q). Proof. The proof of (i) follows from
setting this identity to (104) we get the result. The proof of (ii) follows also from (104):
Note that if y = R(q 2 ), then
The proof is complete.
Applications of Theorem 12. 1)
In [14] we have shown that
Using the identity
we get the result.
Proof. If R(1, 2, 4; q 8 ) = u = Y (q 8 ) and R(1, 3, 8; q 2 ) = H(q 2 ) = v we have
In view of article [10] and Theorem 10 of the present paper and relation 103, we get after simplifications the result.
3) Set V 1 (q) = R(1, 3, 12; q), then
If R(1, 3, 6; q 3 ) = V (q 3 ) = u, where V (q) is the Ramanujan's Cubic continued fraction (see [10] ) and if R(1, 3, 12; q 3 ) = v then
Hence in view of (103) with algebraic simplifications, we can always evaluate V 1 (q) = R(1, 3, 12; q), in radicals form, in terms of T and hence of k r (for k r see also (103) and related references).
Other interesting results are: 
Using the above 2nd Application of Theorem 12 we get the result. f (−q 2 ) f (−q 6 )X(−q 3 ) 2 (119)
7)
R 2 (1, 2, 10; q) = f (−q)f 2 (−q 10 )R(q) f 2 (−q 2 )f (−q 5 ) (120) R 2 (1, 4, 10; q) = f (−q)f 2 (−q 10 )R(q)R 2 (q 2 ) f 2 (−q 2 )f (−q 5 ) (121) R 2 (2, 3, 10; q) = f 2 (−q 2 )f (−q 5 )R(q)R 2 (q 2 ) f (−q)f 2 (−q 10 ) (122) R 2 (3, 4, 10; q) = f (−q)f 2 (−q 10 )
Proof. 
where V (q) = R(1, 3, 6; q) is the Ramanujan's Cubic continued fraction.
